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Abstract

The purpose of this note is to compute the morphism from the crossed Burnside
ring Green functor to the Grothendieck ring Green functor for the group algebra of
the symmetric group of three letters over the filed of the rational numbers.
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1 Crossed Burnside rings and Drinfel’d doubles

(1.1) Crossed Burnside ring Green functors. We recall the crossed Burnside ring
Green functor XQ(*, G°) in terms of subgroups of G (see [OY04]). If H is a subgroup of
G, then let XQ(H, G¢) be the Z-module defined by

XQ(H,G%) = ((H/D)s| D € [H\ S(H)], s € [H\ Ca(D)])z,
where S(H) is the family of all subgroups of H. Then the assignment
H(<G)+— XQ(H,G°)
gives a Mackey functor equipped with

indit : XQ(K,G°) — XQ(H,G°) : (K/D),— (H/D)s,
resil © XQ(H,G¢) — XQ(K,G¢) : (H/D),~— Y (K/KN9D)s,

g€[K\H/D]
cong, : XQH,G)— XQUH,G°) : (H/D)s — (YH/D)ss,

where D < K < H < G and g € G. We define a product
((H/D)s, (H/E);) = (H/D)s - (H/E);
on Z-module XQ(H, G) by

(H/D),- (H/E)y = Y (H/DA*E)u
z€[D\H/E)

Then for any subgroup H of G, Z-module X Q(H,G°) has a structure of associative ring
with unit (H/H )y, which is compatible with the Mackey structure, in the following sense:

*Partially supported by the JSPS Grant-Aid 13740028 for Encouragement of Young Scientists.
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o If z € G, and K is a subgroup of G, then the conjugation by z is a morphism of
ring with unit from XQ(H, G¢) to XQ(*H, G°).

o If K < H are subgroups of G, then resi is a morphism of ring with unit from
XQ(H,G) to XQ(K, G°).

e In the same conditions, if a € XQ(H,G¢) and b € XQ(K, G°), then

a-indi(b) = indi(resti(a)-b)
ind(b)-a = indl(b-rest(a)).

Hence XQ(x, G°) is a Green functor for G over Z.

(1.2) Drinfel’d doubles. The Drinfel’d double D(G) is the Hopf algebra given by the
smash product of the group algebra CG, with its Hopf algebraic dual (CG)*. In particular,
for each subgroup H of G, there is a subalgebra

> Coyh.

9€G,heH

It is useful to notice that for any two subgroups L < H of G we have an isomorphism of
right Dg(L)-modules

with h @ Dg(L) = Dg(L) as a right Dg(L)-module for each left coset representative h of
H/L. That is , Dg(H) is a free right Dg(L)-module.

(1.3) Vector bundles. Fix a finite left G-set X. A G-equivariant C-vector bundle U
on X is a collection of finite dimensional vector spaces {U, }.ex, together with a repre-
sentation of G on their direct sum ) Uz such that g- U, = Us,. A z-component or
fiber of U is the vector space U,. If u is an element of the CG-module )" __ U,, we write
U =)y Uz, Where u, € U, for each x € X. A morphism f : U — V of G-vector bun-
dles U and V is a CG-module homomorphism f: 3" U, — > _, V; which preserves
fibers. The indecomposable (respectively, irreducible) G-vector bundles on X are indexed
by pairs (V, x) where x is a representative of an orbit of X and V' is an indecomposable
(respectively, irreducible) kG,-module. The product U ® V' of H-vector bundles U and
V' is defined to be

URV)g=> U@V,
zeqG
for g € G. The sum of these components has CH-module structure given by the action of
H on the tensor product of the underlying CH-modules of U and V. It is easy to check
that h- (U® V), = (U ® V)n, for h € H.

(1.4) Witherspoon’s Green functors. Witherspoon defined the Green functor of the
Grothendieck ring of Drinfel’d (quantum) double D(G) of the group algebra kG over a
field k£ [Wi96).

We denote three kinds of morphism as follows:

Dresky  : R(Dg(H)) — R(D¢(K)) ; U U |pgx)
Dindll  : R(Dg(K)) — R(Dg(H)) ; V +—— Dg(H)®peu) V,
Deonjy, « R(Dg(H)) — R(Dg(°H)) ; U +—9U =gDg(H) ®pgm) U,
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where U | p, (k) is a Dg(K)-module by restriction of the action from Dg(H) to Dg(K).
The algebras R(D¢(H)), for all subgroups H of G, constitute a Green functor for G.

(1.5) Morphisms of Green functors. A morphism 6 from a Mackey functor M to
a Mackey functor IV consists of a collection of morphisms of O-modules 8y : M(H) —
N(H), for H < G, such that if K < H and z € G, the squares

M(K) -2 N(K) M(K) - N(K) M) - N
t% t% T% T% Cx,H Cy H
M(H) —— N(H), M(H) —— N(H), M H) 5 NCH)

are commutative. A morphism ¢ from the Green functor A to the Green functor B is a
morphism of Mackey functors such that, for any subgroup H of GG, the morphism ¢y is a
morphism of rings. The morphism ¢ is said to be unitary if the morphism ¢y preserves
unit for all H. There is a natural homomorphism 6 from Burnside Green functor €2 to
Grothendieck ring Green functor R :

bx : Q(X) = R(X) : (1 Y = X) = {Cle™ (&) }rex.

(1.6) Theorem. ([Bo03]) Let A be a Green functor for G over a commutative ring O
and I' a crossed G-monoid. Then the functor Ar is a Green functor for G over O, with
unit €a.. Moreover the correspondence A — Ar is an endo-functor of the category of
Green functor for G over O.

Theorem 1.6 leads to the following lemma.

(1.7) Lemma. Let H be a subgroup of G. Then a homomorphism
Ocmxce : XQUH,G) — Re(Dge(H))

induced by the natural morphism 0 : 8 — R of Green functors is a unitary ring homomor-
phism. The homomorphism Oc/pxae assigns to an element (H/D), of basis of XQ(H,G)

H -vector bundle
[H/Dly= > Clm'(=Culg)),
xCr(9)eG/Cul9g)
where m 1s a canonical G-map from G/D to G/Cy(s).

(1.8) Example. Put G = S3 = (s, ¢]|s® = 1? = ¢,'s = %) and H = ¢ :=< e > .
Let 0 :  — R be a natural morphism defined by 6x : Q(X) — R(X). Then we have
Oxxge : QX XGY) — R(X x G°). For transitive G-set G/H, we have /5 : Q(G/H) —
R(G/H). By Lemma 1.7, we have 0g/axge : QG/H x G°) — R(G/H x G°). Since
G/H x G¢ = H G/H, as G-sets, we have Q(G/H x G°) =

g€[H\G]

al I ]G/Hg =~ (P QG/H)= P b 2(G.n,)

ge[H\G® gE[H\G] ge[H\G<] \zHy€G/Hgy

G
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So the natural homomorphism g pxge : Q(G/H x G°) — R(G/H x G°) of Green
functors is written by the following formula:

G G
®o
@ ( @ Q ng ) g,ng @ ( @ R (G$H9)> .
g€[H\G] \zHy eG/Hq ge[H\G¢] \zHy€G/Hy,

We have that H\ G¢ =< e > \G = {e} [T{t} IT{st} [T{s%} L1{s} [1{s2} and
[H\ G| = [< e >\G] = {e} [I{t} [I{st} ]_[{32} [I{s} [1{s°}-

sosz(G/HxGCN@( P a(c ) N@(@ Q(Gx))Gand

9€G \xzH,cG/H, 9€G \zeGJe

R(G/H x G°) = @ ( @ R(Gng)> = @ (@ R(Gx)) . Hence the homo-

9€G \zHyeG/H, geG \zeGJe
morphism 0g/exge is a sum of the natural homomorphism between these modules.

(1.9) Example. Put G = Sz and H = C =<t > . Then H\ G* = C\ G =

{e} 1T{t} 1{st, s°} [1{s,s°} and [H\ G] = [C\ G] = {e} [[{t} [I{st ~ s’} [I{s ~ s°}.
So Q(G/H x G°) =

G G G G
( b Q(GIHG)) 69( D Q(Gsz.)) EB( &>) Q(GxH”)) 69( &) Q(GIH‘\.zL)> :

zHe€G/He zH€G/H¢ cH.1€G/Hgy zH 2, €G/H 2,

G G G
P 2Gum)| 2| P 2Gw)| =| P 2(GCw0)
rH.€G/H. zC.€G/Ce zCeG/C

Q (GcC’) @ Q (GSC) ( ))G
(Cc) 01 (Guc) & 1 (Gorc)

(@) (C)e(0))
(©).
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G G
@ Q (GmHSZt) = avC' 2t G )
zH2,€G/H 2, zC ztEG/C 24 zeG /e

= (Q (Ge) @ Q2 (Gt) @ Q (Gst) ( s2t &) Q 2
%“(Q(<e>)€BQ(<e>)®Q(<e>)@Q(<e> e> @Q(<e>))G
=(QEe)pQe)ae)de)d(e)d Qe ))
= (e).

Hence the homomorphism 6g/cx¢e is induced by the direct sum.

(1.10) Example. Put G = S; and H = D :=< s > . Then H\ G* = D\ G =
{e} IT{s} LI{s*} [1{t, st, st} and [H\ G| = [D\ G] = {e} [I{s} IT{s*} [I{t ~ st ~ st},

where 5t = 5%, *s’t = s, Sst = t.

So Q(G/H x G°) =
G G G G
cH.€G/H, - zH.,€G/H zH 2€G/H 3 zH.€G/H;

G G G
(Gfl?He) = @ Q (Gfl?-De) = @ Q (GxD)
tH.€G/H, zD€G/De xDeG/D

1 MR 1R~~~
2

= (Q2(Gep) ® Q2 (th))
(Q(Gep) & (GtD))
(Q(D) Q(D))”
Q(D).
G G G
( Q(Gsz)> D—J( @ Q(GxDs)) g( @ Q(GwD))
zH,€G/H; zD;€G/D; zDEG/D
= (2(Geo) 02 (Guo))?
= (Q(Gen) & 2 (Gyp))
~ (2(D) ® (D))
=Q(D).

G G
;L'H 2 @ Q (GmD 2) = @ Q (GwD)
€G/H 2 zD2€G/D 2 xDeG/D

(Gep) ® Q(Gip))©
EGeD) ®Q (GtD))G
(D).

D)@ Q (D))"
G G
Q(Gl‘Ht)) = ( th ) ( G )>
/Ht zD1eG/ Dy zGG/e

zF

oNeNe)

MR mmR

o)

D

m
Q

’

= (Q(Ge) ® Q(Gy) ® R (Csr) @ Q(Czy) @Q
fé@((s)@g(e)@ﬂ()@ﬂ() Q(e) ®

Hence the homomorphism 6g/cx e is induced by the direct sum.
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(1.11) Example. Put G = S; and H = G. Then H\G*® = G\G = {e} [[{¢, st, s*t} [ I{s, s*}
and [H\ G| =[G\ G] = {e} [[{t ~ s*t ~ st} [[{s ~ s°}, where 5t = %, *s*t = s, st =
t,ls = 52

So QG/H x G°) =

)
( & Q(GEHG)) ea( & Q(GmHt)) @( & Q(Gst)) .
xH.€G/H, zH€G/Hy zHs€G/H,
G G G
b Q(Gz‘He)) g( Q(che)) g( b Q(ch))
2G€G/G. ©GeG/G
)
( ))
(

(Q(Gep) ® Q(Gyp))¢
Q(<s>)@Q(<s >)

N

(mHeGG/He
= (Q(Gae))®
~ 0 (G).
G G
QGan) | 2| P QGua)| =| P 2(Cu0)
zH:€G/Hy mGte(‘/Gt zCeG/C :
>~ (Q(Gec) ® ) ® 0 (Gy
>~ (Q(<t>) @Q(<st )@Q(<st>)
=~ (C).
G G
D 2Gun) D 2G| =| D 2w
tH,eG/H; 2G€G/Gs xDeG/D

<
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