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1 Crossed Burnside rings

This note is based on [OY 03]. The notation and terminology used in this note are standard.
The reader may refer to any books on finite group theory, the representation theory of finite
groups and [OY 01]. Let O be a complete discrete valuation ring with quotient field K and
residue field k of characteristic p. Let P be a p-subgroup of G and e a p—block of OC¢(P). We

define an idempotent

(P e] = Z‘ep,o,

fce

where epg’s are primitive idempotents of K ® XQ(G,P,G°) indexed by P. We write B(G) as
the complete set of representatives of conjugacy classes of {[P, ]| P € 'P e€ B I(Cs(P))}. Let
» be the equivalence relation on B(G) defined by .

[P,e] ~p [Q, f] <= wppn(z) = wou(x)Vz € XQG, P, Gc)
where 77 € e and 0 € f We pointed out the following theorems in [OY 03] without proof

(1.1) Theorem. Let Q<P<Gand Q, P € P. Let (P,e) and (Q f) be Brauer pairs of G.
Then [P, e] ~p [Q, f] if and only if (P,e) 2 (Q, f).

(1.2) Theorem. Let b be a block of OG and

E,= Y [Pe

(LE)C(Pe)
Then the element Ey is a primitive idempotent of O XSG, P, G®), and conversely any primitive
idempotent of OXQ(G, P,G®) has this form.
2 Symmetric group

(2.1) Brauer pairs for symmetric groups. We denote by N the positive intégers and con-
sider the product order in N x N. If (a,b) € N x N and T C N x N (Young tableau) we set

Diap)(T) =T = {(c;d) € T|(a,b) < (¢,d), (c+1,d+1) ¢ T}.

-Let us denote by S(E) the group of bijections of finite set E. We denote by er the p-block of
OS(F) associated to irreducible character xr.
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(2.2) Theorem [Puig] (1987) [Pu87] Let (a,b) € N x N and set T' = D(a5)(T). Assume
that |T| = |T’| mod p and let P’ be & p-subgroup of S(E) such that P C P’ and |EP'| = |T).
Then (P, Brp(er)) C (P!, Brp(er)).

We can obtain a formula of p-blocks of @XQ(G, P, G°) by using Puig’s Theorem.

(2.3) EXAMPLE. G = Ss and p = 2. Then the representatives of C(P) are
1, Cg =< (4) 5) >, Cgp =< (2v 3)(41, 5) >, By =< (213)(41‘1 5): (29 4‘)(3) 5) >,
Cy =< (274739 5) >, Egp =< (27 3)1 (4$ 5) >, Dg =< (4&7 5)’ (27 3)1 (29 4)(39 5) >.Let s= (17273)
and ¢ = (1,2,3,4,5). The idempotents of KXQ(G, P, G°) are given as follows:
(1,51] = 11/1800(G/1)1 — 1/90(G /1), + 1/75(G /1),

[1,82] = 1/450(G /1)1 + 1/80(G/1), — 1/78(G/1)s,

[Cae,d1] = —1/36(G /1)1 — 1/18(G/1)s + 1/18(G/C26)1 + 1/9(G/Caa)s,

[C2s,da} = —1/18(G /1)1 + 1/18(G/1)s + 1/HG/Caahs — 1/9(G/C2a)s,

[Ca, 1] = —1/8(G/1)1 + 1/4(G/Ca),

[Baa, fi] = 1/12(G/1)1 — 1/4(G/Cw) + 1/6(G/Ea)1,

(Ca, g1] = —1/4G/Ca)1 + 1/2(G/Cs)r,

(Bap, k1] = 1/4(G/1)1 — 1/2(G [Caa)r — 1/4G/C)s + 1/2(G/Ew)s,

[Ds,i1] = 1/2G/Ca)1 — 1/2(G/Eaa)1 — 1/2(G/Ca)1 — 1/2(G/Eg)1 + (G/Dg)s-
Thus 2-block idempotents of OXQ(G, P,G°) given by Theorem (1.2) are

Eb1 = [1, bl] + [02133021] + [C%’ 81] + [Eﬂmv fl] + [C49g'1] + [E‘ﬂh hl] + [DS, il]r

Ey, = [1,b2] + [Caa, d2)-
Moreover, the coefficients of the idempotents are now presented.

Ey, = 14/75(G/1)1 —1/15(G/1)s +1/7T5(G/1)s —4/HG/C2a)1+1/HG/C20)s ~ 1/HG/ Eaa)1 +(G/De),
By, = —14/75(G/1)1 + 1/15(G/1)s — 1/75(G/1); + 1/%(C/Cia)s — 1/9(G/Cra)e-
The identity of O ® XQ(G, P,G°) is '
Ey, + Eb, = 2/18(G /1)1 — 1/3(G/C2a) — 1/3(G/E4a) + (G/Dg).

References

[OY 01] F. Oda and T. Yoshida, Crossed Burnside rings I. The fundamental Theorem, J. Alge-
bra, 236, 29-79 (2001).

[OY 03] F. Oda and T. Yoshida, Crossed Burnside rings III, preparation (2003).

[Pu8?] L. Puig, The Nakayame conjectures and the Brauer pairs, Publ. Math. Univ. Paris
VII, 25, 195-205 (1987).

(2003. 11. 21 =%H)

BLTXSFEMERICE H38E FRI6E



