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KAGEYAMA Masaru*

Abstract

In the present paper, we introduce important classes of Noetherian local rings

(regular local, Cohen-Macaulay, complete intersection...etc.) with some exam-

ples and we explain a relation among them as careful as possible.
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Let us start with an example of a regular

local ring.

1 p-basis and a regular local ring

In this section, (R, m, k) is a local domain
with maximal ideal m and the residue field
k. We denote by R’ an intermediate local
ring such that RP ¢ R’ C R, m’ the maxi-
mal ideal and %’ the residue field of R/. Note
that k2 C k' C k. When we say A is p-
independent, we tacitly assume that A maps

injectively to A.

Lemma 1.1 (Lemma 2.4 [1]) Let A be a
subset of R. If A is p-independent over R’
and A is p-independent over k', then a min-
imal system of generators for m/ is also a
minimal system of generators for the maxi-
mal ideal of R'|A]. In addition, R’ is regular,
so is R'[A].

Proof. Letus prove thatif R’ is a regular lo-

cal ring then so is R'[A]. Tt is clear that R’[A]

is integral over R’. Hence dim R'[A] = dim R’
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and it follows from the earlier result that:

rank R'[A] nm/(R[A] N m)?
—  rank m'/m’”
= dimR’

— dimR'[A].O

Lemma 1.2 (Lemma 2.5 [1]) Let A be a
subset of R. If R’ is reqular and A is p-
independent over k', then A is p-independent

over K'.

By using the above lemmas, we have the

following:

Theorem 1.3 (Theorem 2 [2]) Let R be a
reqular local ring of characteristic p > 0, k be
the residue field, A be a subset of R. If A isa

system of representative of a p-basis of k over
kP, then RP|A] is reqular local.

Proof. By assumption, A is p-independent
over k. By Lemma 1.2, A is p-independent
over RP. Applying Lemma 1.1, we get our

assertion.[]

Here we will enumerate the following basic

results:

Example: 1.4 Let R be a Noetherian local

ring.
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70 A Note on Cohen-Macaulay Rings

(1) dim R =0 and R is regular
<= R is a field.

(2) dimR =1 and R is regular
<= Risa DVR.

(3) n-variable  formal  power  series
E[X1, ..., X,] over a field k, is regular
local and so is k[X1i,..., X;|m where

m:(Xl,...,Xn).

2 Cohen-Macaulay, Gorenstein and

complete intersection rings

In this section, we will introduce Noethe-
rian local rings which are well known. Let us

begin with the definition of a CM local ring.

Definition 2.1 Let A be a Noetherian lo-
cal ring. We say that A is Cohen-Macaulay
(briefly, CM) if depthA = dim A.

The following two results explain us the

term Cohen-Macaulay.

Example: 2.2 (1) The ring of polynomi-
als k[X] over a field k is a CM ring.
This was proved by Macaulay in 1916.

(2) Every regular local ring is a CM ring.
This result was proved by 1.S.Cohen in
1946.

Next we will introduce basic results about
CM rings.

Example: 2.3 (1) A O-dimensional

Noetherian ring is a CM ring.

(2) A reduced 1-dimensional Noetherian

ring is a CM ring.

(3) A 2-dimensional normal ring is a CM

ring.

In the following proofs, we denote by A a

Noetherian ring.

Proof of (1): By [3, Theorem 17.6], it is
enough to show that (0) is unmixed. So, we
must prove that (0) has no embedded prime

divisors. But it is clear because dim A = 0.0J

Proof of (2): We only need to prove that
(0) and every principle ideal (ay) of A such
that ht(a;) = 1 are unmixed.

Since 1/(0) = (0), (0) has no embedded
prime divisors, so (0) is unmixed.

If (a1) has an embedded prime divisor p,
then there is a minimal prime divisor p’ of
(@) such that (a;) C p’ C p. Hence ht(p’) =

0 but this is a contradiction.[]

Proof of (3): We will prove Ay is a CM
local ring for all maximal ideals m of A.

If ht(m) = 0 then dim A, = ht(m) = 0. It
follows from (1).

If ht{(m) = 1 then dim A4, = ht(m) = 1
and A, is domain, that is A,, is reduced. It
follows from (2).

Finally, we suppose ht(m) = 2. Then Ay
is reduced and its zero ideal has no embed-
ded prime divisors. So it is unmixed. Since
(Aw)pa, = Ap, A is an integrally closed do-

main. J

Remark: 2.4 Let k[X,Y]| be the ring of
two-variable polynomials over a field £ and
set A = k[X,Y]/(X%,XY). Then A is 1-
dimensional Noetherian ring but it is not a
CM ring.

It is a well known result that the following

conditions are equivalent.

Theorem 2.5 (Theorem 18.1 [3]) Let
(A, m, k) be an n-dimensional Noetherian lo-
cal ring. Then the following conditions are
equivalent:

(1) inj dimA < oo;

(1’) inj dimA = n;

(2) Ext’y(k, A) = 0 for i # n and ~ k for

1 =T,
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(3) Ext’y(k, A) = 0 for some i > n;

(4) Ext’y(k, A) =0 for all i < n and ~ k
fori=mn;

(4°) A is a CM ring and Ext’y (k, A) ~ k;

(5) A is a CM ring and every parameter
wdeal of A is irreducible;

(57) A is a CM ring and there exists an ir-

reducible parameter ideal.

Now we come to the definition of a Goren-

stein local ring.

Definition 2.6 A Noetherian local ring for
which the above equivalent conditions hold is
said to be Gorenstein. A Noetherian ring A
is Gorenstein if its localisation at every max-

imal ideal is a Gorenstein local ring.

There is an interesting class of Noetherian

ring as follows:

Remark: 2.7 (Definition 2.5 [4])
A Noetherian ring A is said to be acceptable

if the following three conditions are satisfied.
(a) A is universally catenary;

(b) whenever B is a finitely generated A-
algebra, the Gorenstein locus of A is

open in Spec(B); and

(¢) for every prime ideal p of A, the natural
flat ring homomorphism A, — (Ap)Ais

a. Gorenstein ring homomorphism.

The notion of the acceptable ring is defined
by R.Y.Sharp. It is analogous of an excellent

ring.

Remark: 2.8 It is clear from the definition

that every Gorenstein ring is CM.

Next we will define a complete intersection

ring.

Lemma 2.9 Let A be a ring and

di dq;
1 are——s O S 5 g g

a complex of A-modules. For any A-module
N we denote by Cy @ N for the complex

d;1®1 d; 21

di1®1
—— 0N — C;, 1 ®N Lin®,

If N is flat over A then

H;(C,)® N = H;(Cy, ® N).

Proof. We note that H;(C,) =

ker d;/im d; ;. Since N is A-flat, we have

an exact sequence 0 — im dipq ® N —

kerd; ® N — (kerd;/im d;1) ® N — 0.
Hence it follows that

H,(Cow N) = ker(d;®1)/im (d;11®1)
= kerd;® N/imd;;; ® N
= (kerd;/imd; 1) ® N
= H;(C,)®NO
Let us consider the case when a regular lo-
cal ring (A, m, k) can be expressed as a quo-
tient of a regular local ring (R, n). Let M be
an R-module. We denote by u(M) for the

minimum number of generators of M. Then
it follows that

p(a) = dimy Torf'(k, A)
= dimy, Hl(El)
= e.(4).

Theorem 2.10 Let (A,m, k) be a Noethe-
rian local ring and A be its completion.

(i) ep(A) = ep(j) for allp > 0,

(#) €1(A) > em dimA — dim A,

(#4) If R is a regqular local ring, a is an ideal

of R and A~ R/a then

p(a) =dim R —em dimA + e, (A).
Proof. (i) Since m/m? ~m/m? and A/m ~
A/ = k, so that a minimal basis of m is

a minimal basis of M. Then it follows that

ranky (m/m?) = rank (m/m?). Since
NAer @ @Ae)oad = A" &4 A)

- A
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by tensoring C, through with ﬁ, we have a
Koszul complex induced from a minimal ba-
sis of . Since A is A-flat, by using Lemma

2.9, we have
Hy(E,) ®a A= Hy(E, ®4 A).
On the other hand

Hy(E)®s A = Hy(FE,)
= lim Hy(E,)/m" Hp(F,)
- HP(E-)-

Thus H,(E,) =~ H,(Fe ®4 A). We get the
assertion.

(ii) Let us consider the case when A is ex-
pressed as a quotient of a regular local ring
(R,n). Then we may assume that there ex-
ists an ideal a of R such that A ~ R/a and
a C n?. Then

c(4) = pla)
> ht(a) (by [3, Theorem 13.5])
= dim R —dim(R/a) (by R is CM)
= em dimA — dim A.

We have to prove in general case, however
it is follows from [3, Theorem 29.4] that A al-
ways is a quotient of a regular local ring. By
(i), e1(A) = el(EL em dimA = em dimA and
dim A = dim A, hence, we get the assertion.

(iii) Let n be the maximal ideal of R. If ¢ C
n?, then p(a) = €1 (A) and dim R = em dimA,
we obtain our assertion. If a ¢ n?, then we
can chose an element = € a\n?. We will show

the following calm:

Claim 2.11
dimR/zR=dimR — 1, p(a/zR) = p(a) — 1.

Proof. The first assertion is clear. We will
prove the second assertion. Since g is gen-
erated by pu(a/zR) + 1 elements. Therefore
w(a/zR) + 1 > p(a). On the other hand,

AR R RS

Z # 0 in a/na. Then we can take a k-basis
Z,G1,...,0n—1 (@; € a,n = p(a)) and the im-
ages of ay,...,a,—1 generate a/xR as an R-
module. Thus p(a/zR) <n—1=pu(a) —1.

Let us prove the assertion by induction on
dim R =r. If r = 0 then R is a field, so we are
done. When r > 0, since dim(R/zR) = r—1,
by inductive hypothesis

pla/zR) = dim(R/zR) —em dimA + ¢, (A4).

By using the above claim, wp(a) = dim R —
em dimA + ¢;(A).0

We are now ready to define a complete in-

tersection ring.

Definition 2.12 Let A be a Noetherian lo-
cal ring. We say that A is complele inter-
section (briefly, C.1.) if ¢;(A) = em dimA —
dim A.

For example, it is known the following:

Example: 2.13
ring is C.L.

(1) Every regular local

(2) Let A be a Noetherian local ring. If A
is CM and em dimA4 = dim A + 1 then
Ais CI.

(3) Let k be a field and set A =
K[X,Y, Z]/(X* -Y2,Y? - 72, XY,
YZ,ZX) then A is Gorenstein but is
not C.L.

Here let us show (2).

Proof of (2): We may assume that A is a
complete local ring. Then by using [3, The-
orem 29.4|, there exist a regular local ring
(R,n) and an ideal I of R such that I C n?
and A ~ R/I. Then dim R = em dimA and
dim A =dim(R/1) =dim R — ht(]).

By the assumption, we have ht(7) = 1.
This means that ht(0) = 1 in A. Since A
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is a CM ring, (0) is unmixed. Thus ht(p) =1
for all p € Ass(A/I).

Let I =g1N-- Mg, be a shortest primary
decomposition. Since ht(g;) = 1 and R is
a UFD, every g; is a principle ideal. Hence
so is 1. By the assumption I # (0). Thus
e1(A) = pu(l) = em dimA — dim A and this

means A is a C.I. ring.[]

3 A chain of implications for Noethe-

rian local rings

In the last section we will discuss a rela-
tion among Noetherian local rings which are

defined previous sections.

At first, we can show that every C.I. ring

is Gorenstein.

Theorem 3.1 Let A be a Noetherian local

TiNg.
(i) Ais C.I <= A is C.I.

(i) Let A be a C.I. ring and R a regular
local ring such that A = R/a; then a is gen-
erated by an R-sequence. Conversely, if a is
an ideal generated by an R-sequence then R/a
is a C.1 ring.

(#2) A is C.I if and only if the completion
A should be a quotient of a complete reqular
local ring R by an ideal generated by an R-

sequence,

Proof. (i) By the above theorem, ¢1(A) =
el(ﬁ) since em dimA = em dimA and
dim A = dim A, hence (i) follows.

(i) If A is C.I. and R is a regular lo-
cal ring such that A = R/a for an ideal a
of R. By Theorem 2.10 p(a) = dimR —
em dimA + e;(A). Since A is CL. € (4) =

AR R RS
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em dimA — dim A,

wla) = dimR—dimA
= dimR —dimR/a
= dim R — (dim R — ht(a))
(because R is regular)

= ht(a).

Thus, by [3, Theorem 17.4], a minimal gener-
ators of g is an K-sequence.

Conversely, we suppose that a is generated
by an R-sequence aq,...,a, € R. By (3, The-
orem 17.4], ht(a) = r and by Krull’s altitude
theorem, r < p(a). It is clear that » > u(a).
Hence we have ht(a) = p(a). Using Theorem
3.1 (iii)

pu(a) = dim R —em dim(R/a) + ¢, (R/a).
Hence

ei(R/a) = emdim(R/a)— (dim R — ht(a))
= em dim(R/a) — (dim R/a).

Thus R/a is also C.I.

(iii) <) Let a be an ideal of R generated
by an R-sequence such that R/q ~ A. By
(i), A is C.1. Hence, by (i), so is A.

—) If A is C.I. then so is A. By [3, The-
orem 29.4], Als a homomorphic image of a
complete regular local ring R. Thus it fol-
lows from (ii) that the kernel is generated by

an R-sequence.]
Theorem 3.2 A C.1 ring is Gorenstein.

Proof. Let A be a C.I. ring. By Theorem
3.1(i), if A is C.L then so is A. If A is Goren-
stein then so is A. Thus we may assume that
A is complete.

By Theorem 3.1(ii), there exist a regular
local ring K and an ideal a generated by an
R-sequence such that A = R/a. Since the
maximal ideal of R is generated by a system

of parameters and irredeucible, so that R is
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T4 A Note on Cohen-Macaulay Rings

Gorenstein. Here we need the following two

claims:

Claim 3.3 Let (A,m) be a Noetherian lo-
cal ring, M #£ 0 a finite A-module and
al,...,a € m an M-sequence. We set
M = M/(ai,...,a,)M. Then dim M’ =
dim M —r.

Proof. It is sufficient to show for » =
1. The case dimM’ < dimM — 1 follows
from dimension theory. Let us prove that
dimM > dimM — 1. We set ¢ = a4
and I = anna(M/aM) and s = dimA/[.
Then there exist xq,...,zs; € m such that

V(Z1,...,Ts) = m/I. On the other hand
(Tl,...,fs> = \/(351,.‘.,335)—%[/]
- \/($177$S)+1/I

Thus, we have \/(zy,...,z,) + I =m.
Since VT = /anna (M) + (a), so

\/(aamla"'a

xs) +anna(M)
=(z1,...,25) + L.

,25) +anng (M) = m,

Therefore /(a,z1, . ..
so that (@,7i,...,7;) is a (m/annu(M))-
primary ideal. Hence s + 1 > dim M.

Claim 3.4 Let (A,m) be a Noetherian local
ring, Ti,...,%Tn an A-sequence and we put
B=A/(z1,...,z,). Then

A is Gorenstein <= B is Gorenstein.

Proof. —) If A is  Gorenstein,
Ext’(k,A) = 0 for some i > n. By [3,
Lemma 2|, Ext’, " (k, B) = Ext%y(k, A) = 0
and i —r > n—r. Hence we get the assertion.

«—=) If B is Gorenstein, ]5])(‘55]’43(147 B)y =0
for some j > n — r. Since Ext’”(k, A) =
Ext’ (k, B) = 0, A is Gorenstein. [

We have a relation as follows:

‘ Regular = C.I. = Gorenstein = CM.
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